
modal (propositions as types)





i. propositions as types

à la Philip Wadler, 2015. Propositions as Types.



Bob is an authority





I hate authority



Do I hate Bob?



Bob is an authority

I hate authority

I hate Bob?!



need a language with unambiguous symbols



propositional logic



A,B := p, q, r, . . . | A ∧B | A ⇒ B | . . .













proof



typed-lambda calculus



A,B := τ | A×B | A → B | . . .











prog.





p, q, r, . . . | A ∧B | A ⇒ B | . . .

τ | A×B | A → B | . . .



propositions as types





propositions as types

proofs as programs



propositions as types

proofs as programs

as prog.proof



is propositions as types useful?



theorem proving for hackers



is propositions as types a coincidence?

you simple-minded fool

How dare you?! 



ii. modal operators



authority necessarily threatens individuality



authority possibly threatens individuality



:  necessarily A
 

:  possibly A
      



.

.

.



class Functor f where 
 fmap :: (a -> b) -> f a -> f b



class Functor m => Monad m where 
 return :: a -> m a 
 join   :: m (m a) -> m a



class Functor w => Comonad w where 
  extract   :: w a -> a 
  duplicate :: w a -> w (w a)



:  comonadic A
 

  :  monadic A
      



.
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.
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.



as?

as?





“Some claim that each of these variants has an interpretation as a
form of computation via Propositions as Types, and a down

payment on this claim is given by an interpretation of 
S4 as staged computation due to Davies and Pfenning [16]”

- Philip Wadler, 2015. Propositions as Types



“Benton, Bierman, and de Paiva [4] observed that monads 
correspond to yet another modal logic, differing from all of S1–S5.”

- Philip Wadler, 2015. Propositions as Types.



conundrums

.

.

.



iii. modal (propositions as types)



propositions as types

constructive proofs as programs

as prog.proof



proof system for modal logic?



which modal logic?!



more modal logics than proof systems



propositions as types

?? as programs

?? as prog.



is propositions as types a coincidence?



propositions and types are both meaningless



propositions and types are both meaningless
intrinsically

^



⟦ propositions ⟧ as ⟦ types ⟧

?? as ⟦ programs ⟧

?? as ⟦ prog.⟧



Bob is an authority

I hate authority

I hate Bob?!



⟦  Bob is an authority  ⟧@w1 

⟦  I hate authority  ⟧@w2

⟦  I hate Bob  ⟧@?!

Possible-world semantics
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as?

as?



as

as



new plan: study semantics of modal logic by
embedding modalities in type theory



my takeaway: study semantics



⟦ propositions ⟧ as ⟦ types ⟧



⟦ propositions ⟧ as ⟦ types ⟧

constructive entailment as ⟦ programs ⟧

asent. ⟦ prog.⟧



can modal (propositions as types) be useful?



modal logicians study classes of modal logics



PL research can benefit from 
studying classes of calculi





nachivpn.me github.com/nachivpn

https://nachivpn.me/
https://github.com/nachivpn/


iv.  shoutout





TypeSig ❤ you!





organic collective embodiment of 
propositions as types!



a proof theorist’s dream

not as an obligation
but for the pleasure of

constructing one



I ❤ TypeSig!



I ❤ TypeSig!
Prop

/nachi


